In the present study, the effects of radiation on MHD free convection from a cylinder with partial slip in a Casson fluid in non-Darcy porous medium is investigated. The surface of the cylinder is heated under constant surface temperature with partial slip. Partial slip factors are considered on the surface for both velocity and temperature. The boundary layer equations are normalized into a system of non-similar partial differential equations and are then solved using a bi-variate quasilinearization method (BQLM). The boundary layer velocity and temperature profiles are computed for different values of the physical parameters. Increasing the Forchheimer parameter decreases the temperature profiles. The decrease of the velocity profiles with the increase in magnetic parameter is more enhanced in the presence of the velocity slip factor. Increasing the Eckert number increases the temperature profiles in both suction and blowing cases. This study considers the unique problem of the effect of transpiration in a Casson fluid in the presence of radiation, a magnetic field, and viscous dissipation. The results obtained in this study are compared with other numerical methods and were found to be in excellent agreement.
Introduction
The flow of non-Newtonian fluids is applied in many situations in industry such as processing of materials and chemical engineering. These fluids show different characteristics from the Newtonian fluids which cannot be fully represented by the Navier-Stokes equations. To represent these non-Newtonian fluids some modifications to the Navier-Stokes equations are used and these are seen in many research works which studied viscoelastic and micropolar fluids [, ] . These fluids are categorized as viscoelastic, thixotropic, and power-law fluids. The constitutive equations of such fluids cannot fully represent the actual behavior of these fluids. These fluids include contaminated lubricants, molten metal, synovial fluids, etc.
The study of radiation effects on MHD free convection of a Casson fluid in porous medium with partial slip is an important aspect due to its practical application in the design of automatic cooking machines and the design of internal engine parts in mechanical engineering. Other examples arise in petroleum production, multiphase mixtures, pharmaceutical formulations, coal in water, paints, lubricants, jams, sewage, soup, blood. There has been a significant improvement in the study of non-Newtonian fluids in which many different situations have been considered. Studies in a Casson fluid include work by among others Mukhopadhyay et al. [] and Nadeem et al. [] .
Several research workers have studied radiation effects, these include Kameswaran et al. [] who studied radiation effects on hydromagnetic Newtonian liquid flow due to an exponentially stretching sheet. They studied radiation effects in the presence of a magnetic field, advancing the studies of radiation effects in Newtonian fluids. Shateyi [] studied heat and mass transfer for Soret and Dufour effects on mixed convection boundary layer flow over a stretching vertical surface in a porous medium filled with a viscoelastic fluid. Cheng [] studied Soret and Dufour effects on free convection boundary layer over a vertical cylinder in a saturated porous medium. Chamkha and Rashad [] investigated natural convection from a vertical permeable cone in nanofluid saturated porous media for uniform heat and nanoparticles volume fraction fluxes.
In this study we investigate the effects of radiation in MHD free convection of a Casson fluid from a horizontal circular cylinder with partial slip in non-Darcy porous medium with viscous dissipation. The surface of the cylinder is perforated in which we have the effects of transpiration which acts transversely in the direction ξ . The force which causes transpiration is sometimes called the Forchheimer drag force term -ξ f  , which appears in the momentum equation (). This term is also associated with the geometry of the porous medium. 
Mathematical formulation
The steady, laminar, two dimensional MHD free convection of a Casson fluid flow from a horizontal circular cylinder with partial slip in a non-Darcy porous medium, with viscous dissipation and radiation effects, is considered. The fluid is maintained at a uniform temperature T w (> T ∞ ), the transpiration velocity V w is in the direction ξ . x is the tangential coordinate of the circle and y is the radial coordinate of the circle. u and v are the velocity components in the x and y directions, respectively, as shown in Figure  
π = e ij e ij and e ij is the (i, j)th component of the deformation rate, π is the product of the deformation rate with itself, π c is a critical value of this product based on the non-Newtonian model, μ B is the plastic dynamic viscosity of the non-Newtonian fluid, P y is the yield stress of the fluid. The governing equations in this flow are given as where u and v are the velocity components in the x and y directions, respectively, a is the radius of the cylinder, ν is the kinematic viscosity of the Casson fluid, β = μ B √ π c /P y is the non-Newtonian Casson parameter, α = κ/ρC p is the thermal diffusivity, κ is thermal conductivity of the fluid, q r is the radiative heat flux, C p is the specific heat,ḡ is the acceleration due to gravity, β T is the coefficient of thermal expansions, and T is the temperature of the fluid. T ∞ is the free stream temperature, ρ is the fluid density,K and are the permeability and inertia coefficients respectively. σ is the electric conductivity and B  is the magnetic flux density. The Rosseland approximation for radiation may be written as follows:
where σ * is the Stefan-Boltzmann constant and k * is the absorption coefficient. If the temperature difference within the flow is such that T  may be expanded in a Taylor series about T ∞ and neglecting higher powers, we obtain T  -T  ∞ -T  ∞ and therefore () can be written as
The boundary conditions are given as
where N  is the velocity slip factor, K  is the thermal slip factor. N  = K  =  corresponds to no-slip conditions. The subscripts w and ∞ refer to surface and ambient conditions, respectively. We introduce the non-dimensional variables
Introducing the stream function ψ and similarity variables
using the stream function defined in () and the similarity variable in (), ()-() together with the boundary conditions () and () reduce to the following system of partial differential equations:
with boundary conditions
where β is the Casson parameter, is the Forchheimer parameter,  is the Darcian drag coefficient, M is the magnetic field parameter, K is the radiation parameter, Pr is the Prandtl number, Ec is the Eckert number, f w >  corresponds to suction, and f w <  corresponds to blowing, S f = N  Gr   /L is the velocity slip factor, and S T = kGr   /L is the thermal slip factor. In the above equations the primes refer to the derivative with respect to η. The engineering parameters of interest are the local skin friction and the local Nusselt numbers, which are defined as follows.
The shear stress at the surface of the cone is given by
where μ is the coefficient of viscosity. The skin friction coefficient is given by
Using () and () together with () and () give
The heat transfer from the surface of the circle into the fluid is given by
k is the thermal conductivity of the fluid. The Nusselt number under LST is given by
Equations () and () together with () and () give
Solution method
In this section we describe the implementation of the bi-variate quasilinearization method (BQLM) which is based on the quasilinearization method (QLM) which is described in detail in Motsa et al. [] . We apply the quasilinearization method (QLM) first proposed by Bellman and Kalaba [] to ()-(), which is based on the Taylor series expansion with the assumption that the differences (f r+ -f r ), (θ r+ -θ r ), and all the derivatives are small. We obtain the following equations:
where
The solution for the now linear partial differential equations ()-() is obtained by approximating the exact solutions of f (η, ξ ) and θ (η, ξ ) by the Lagrange form of polynomial F(η, ξ ) and (η, ξ ) at the selected collocation points,
The approximation for f (η, ξ ) and θ (η, ξ ) has the form
which obey the Kronecker delta equation
The equations for the solution of . After using the linear transformation ξ = L ξ (ζ + )/, the derivatives of f with respect to the collocation points ζ j are computed as
where a
Since the solution at ξ =  (ζ = ζ N ξ ) is known, we evaluate ()-() for i = , , . . . , N ξ - and the system becomes
For each ξ i , ()-() forms a system of linear ordinary differential equations with variable coefficients. In this system we apply the Chebyshev spectral collocation independently in the η direction by choosing N η + Chebyshev-Gauss-Lobatto points  = η  < η  < η  < · · · < η N η = η e , where η e is a finite value that is chosen to be adequately large to approximate the conditions at ∞. We now implement the collocation in the interval [, η e ] on the η-axis, which is then transformed into the interval [-, ] using a linear transformation η = η e (τ + )/. The collocation points are chosen as τ j = cos jπ N η . The derivatives with respect to η are defined in terms of the Chebyshev differentiation matrix as
where p is the order of the derivative, D = 
substituting () into () we get
We then impose boundary conditions and a matrix system is formed as follows:
The above system is then solved as
We have
()
Results and discussion
In Table , [] is that there is a reverse effect that is noted further away from the boundary. This is due to the presence of the velocity slip factor which tends to assist flow at the boundary. Increasing the Forchheimer parameter reduce velocity profiles, this is caused by the transpiration effect taking place at the surface of the circle. Increasing the Casson parameter β reduces temperature profiles (see [-] ). In the case of no thermal slip factor, . It is noted that the velocity profiles are increased with the increase in the velocity slip factor as expected on a lubricated surface. In Figure  (b) the temperature profiles are increased with increasing magnetic parameter and are decreased by the increase in the Forchheimer parameter . Increasing the inertia causes more friction on the surface changing surface temperature, thereby causing the observed thermal slip. Figure  shows the effect of the radiation parameter K on the velocity and temperature profiles at different values of the velocity slip factor S f in the case of velocity profiles (see Figure  (a)), and thermal slip factor in the case of temperature profiles (see Figure (b) ). The same observation is noted in Figure (b) ; increasing K increases the temperature profiles. Figure  illustrates the velocity response to the change in the Darcian drag force term  at different values of the suction/injection parameter f w (see Figure (a) ), and the effect of the Eckert number Ec at different values of the suction/injection parameter f w (see Figure (b) ). In this case the  is inversely proportional to the Darcy number, Da (also inversely proportional to the permeability of the medium). Increasing  decreases the velocity profiles. It is noted that the case f w <  (blowing) assists the flow, while the case f w >  (suction) retards the velocity profiles. The differences of these results to those of Ramachandra et al. [] are shown in the presence of a magnetic field which generally tend to suppress velocity profiles. The presence of viscous dissipation is also noted in the increase in the temperature profiles. In Figure (b) increasing the Eckert number results in the increase in the temperature profiles. Figure  shows the plot of the skin friction coefficient versus ξ for different values of both the velocity slip factor S f (see Figure (a) ), and the thermal slip factor S T (see Figure (b) ). The skin friction coefficient decreases with increasing velocity slip factor and also decreases with increasing ξ . In Figure  (b) the skin friction coefficient decreases with increasing thermal slip factor. Figure  shows the plot of the heat transfer coefficient versus ξ for different values of both the velocity slip factor S f (see Figure (a) ), and the thermal slip factor S T (see Figure (b) ). It is noted that, at the surface of the circle, there is a more significant change in heat transfer than further away from the surface of the circle. In Figure (b) increasing the velocity slip factor does not change the heat transfer at the surface. It is noticed that there is a large difference in the heat transfer further away from the circle surface. Figure  shows the plot of the skin friction coefficient versus K for different values of both the velocity slip factor S f (see Figure (a) ), and the Nusselt number versus thermal slip factor S T (see Figure (b) ). In Figure  (a) the skin friction coefficient increases with increasing thermal radiation K and decreases with increasing velocity slip factor, which is expected on a lubricated surface. There is a noticeable difference in the skin friction coefficient at different values of the velocity slip factor. In Figure  (b) increasing the thermal radiation decreases the heat transfer coefficient. Increasing the thermal slip factor increases the heat transfer coefficient.
Conclusion
The study presented in this analysis of effects of radiation on MHD free convection of a Casson fluid from a horizontal circular cylinder with partial slip in non-Darcy porous medium with viscous dissipation provides numerical solutions for the boundary layer flow and heat transfer. The coupled nonlinear governing partial differential equations were solved using the bi-variate quasilinearization method (BQLM) and validated by the successive linearization method (SLM) and MATLAB's 'bvp4c'. This paper also describes the BQLM numerical method which uses collocation methods in both directions η (direction of increasing boundary layer thickness) and ξ (radial transpiration direction). The most important results are those reflected in the presence of a magnetic field and viscous dissipation in a Casson fluid, which were never reported before.
